Introduction
The Heath, Jarrow and Morton (1992) model represents one of the most general and feasible approaches to the modelling of the term structure of interest rate in the arbitrage free environment. Heath, Jarrow and Morton proved that under no-arbitrage conditions the instantaneous forward rate process can be expressed by the stochastic integral equation
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( , ) W is the Wiener process generated by the equivalent martingale measure P .
The third argument in the volatility function indicates the possible dependence on other path dependent variables such as the spot rate or the forward rate itself. The case when the volatility function is independent of any path dependent quantities, and hence is a function only of the time and maturity, has been extensively analyzed. This results in the so called Gaussian HJM class of models, for which Black-Scholes type formulae are available (Brace & Musiela (1994) ). The Hull and
White multifactor models (Hull & White (1994) ) also fall into this framework. Chiarella & Kwon (2001a) discuss how a number of popular models may be formed under the HJM framework.
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However volatility functions which are only functions of time and maturity do not allow sufficiently rich movements for the forward rate curve. For instance it is not possible to have volatility depending on the level of rates.
The simplest way to obtain volatility functions which are dependent on the level of rates is to allow the forward rate volatility function to depend on the instantaneous spot rate of interest , i.e.
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The volatility function (2) has the path dependent quantity among its arguments.
The stochastic dynamics of the forward rate and the spot rate are, generically, nonMarkovian (the entire path is necessary to capture the dynamics of the process).
Jeffrey (1995) gives conditions under which the stochastic dynamics under (2) may be Markovianised with one state variable. In some special, but useful for applications, cases it is possible to transform the model into a two-dimensional state variable
( ) r t
Markovian model (see ). These two variables capture the information contained in the term structure so that numerical algorithms to price options have only to keep track of them. It also turns out to be possible in this framework to obtain closed form expressions for bond prices and feasible numerical schemes for the evaluation of options ), Bhar & Chiarella (1997 , Chiarella & El-Hassan (1999) , Inui & Kijima (1998) and Chiarella & Kwon (2001b) ).
Whilst the volatility function (2) certainly captures the effect of rate levels on the movement of the forward curve, it is only capturing the effect of rates at the shortest end of the yield curve. It is well known empirically that rates at different maturities exhibit different volatilities. Such effects can only be captured by allowing the volatility function to depend on the forward curve itself.
One approach to capture such dependence on the level of the forward curve is to allow the forward rate volatility function to depend on the spot interest rate and on the levels the forward rate assumes at the fixed maturities:
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The volatility function then assumes the more general form:
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where ( , i f t τ is the instantaneous forward rate applicable to the fixed maturity . Chiarella & Kwon (2001b) call these the fixed tenor forward rates and show that for particular specifications of the volatility structure it is possible to obtain an ( )-dimensional Markovian representation of the dynamics and it is also possible to obtain an explicit formula for the price of bonds. The higher dimensionality of the stochastic dynamics makes option pricing a more challenging numerical task, however some results using finite difference methods have been obtained by Bhar, Chiarella, El-Hassan & Zheng (2000) . A general theory for the existence and construction of finite dimensional Markovian realizations has been developed in Björk & Svensson (2001) and Björk & Landén (2002) . This general theory has been extended in Filipović & Teichmann(2001) .
The volatility function (3) can be considered as a particular case of a volatility function which depends on the entire forward curve and may be written as
The major difficulty with working with volatility functions of the form (4) is that it seems impossible to reduce the stochastic dynamics to Markovian form using the techniques of , Bhar & Chiarella (1997) and Chiarella & Kwon (2001b ): Filipović & Teichmann (2001 show that in this case the stochastic dynamics are non-Markovian in an essential way.
A functional form such as (3) is used by Amin & Morton (1994) in their empirical study of forward rate volatility functions. However their paper does not make entirely clear how they handled many of the numerical difficulties associated with such volatility functions. Jarrow (1996) uses binomial trees to evaluate European and American options on the zero-coupon bond in the HJM framework. The considered volatility functions are the deterministic functions:
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where is a deterministic function and Chain Approximation both to deterministic volatility functions (Ho & Lee (1986) , Hull & White (1990) ) and to two different types of one factor stochastic volatility functions. The first stochastic volatility (Li, Ritchken & Sankarasubramanian (1995) ) is proportional to the spot rate ( ) 
The spot rate is the only stochastic component in the volatility function, and the model turns out to be Markovian in two state variables. The second non deterministic volatility function is the one-factor nearly proportional HJM specification equation (5) with ( In this paper we consider a fairly general case of proportional volatility models, by assuming a volatility function of the form
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In section 2 we outline the straightforward application of Monte Carlo simulation to 
The Numerical Scheme
We consider the problem of derivative security valuation from the perspective of time 
Scheme
The basic task of the numerical algorithm we are using is to simulate one possible evolution of the forward rate curve over the horizon time ( 0,T ) , given the initial forward curve ( )
We approximate the stochastic integral equation (1) according to the Euler-Maruyama scheme (Kloeden & Platen (1992) ). Hence we obtain the generic recursive scheme for the forward curve evolution:
m t f n t m t n t m t n t i t n t m t W n
This scheme is initiated by considering the values that the forward rate curve at time zero,
, assumes at the extremes of each interval, i.e. , ( ) (
. Musti (2001) contains more detailed discussion of the setting-up of the numerical algorithm and provides a number of implementations illustrating its numerical accuracy.
The Initial Bond Price
A useful way to test the accuracy of the numerical algorithm is to use it to compute the time zero value of a T -maturity zero-coupon bond. Knowledge of the initial forward curve (0, 
T r s ds
Using the numerical procedure outlined in section 2.1 we calculate the -th inverse of the money market account: 
T t t T r t f t T e r t f t T
The numerical results obtained with maturity T are shown in Table 1 . 1 = Comparing the numerical results obtained from approximating (8) by simulation with the analytical bond price value calculated using the formula (7), we observe how bond price results are consistent with this value already with a relatively small number of time steps: third decimal place accuracy is obtained with the discretization and a simulation of paths, providing some evidence of the effectiveness of this numerical method.
Zero-Coupon Bond Evaluation
Consider the zero-coupon bond with maturity T . We wish now to calculate the value that the bond will assume at the generic time , 
The integration in equation (11) is a very simple and rapid calculation, obtained using the Euler-Maruyama approximation of the integral (11) is needed to calculate the bond option payoffs required in section 2.4.
European Options on Zero-Coupon Bonds
Once the value of the bond can be determined at any time , 
0, , , .
T C r s ds
We divide the time interval ( 0,T ) into intervals of equal length
, so that the bond and the option maturity times are respectively T and T N .
Alternatively we may use the T -forward probability measure to calculate the option value according to
Simulation under the measure is carried out by the replacement of Wiener increments according to
where is the volatility of the bond price process implied by (1) and is given by ( ,
The -forward probability measure has proved useful in allowing the derivation of We consider a call option with maturity 0.5 on a one year zero-coupon bond and we apply a volatility function (16) In almost all the simulations using the discretization and , the accuracy reaches four decimal places. Standard errors are obviously decreasing as the 150 N = 180 N = number of paths increases and don't appear to be influenced by the dimension of the time step. It is interesting to notice how the estimated call option value reaches three decimal places accuracy in the cases of bigger time step discretisazion (see in Table 3 the values obtained for and ). 150 N = 180 N =
Control Variate Technique and Volatility Decomposition

The Control Variate Method
The Control Variate Method is discussed at length by Clewlow & Caverhill (1994) and Clewlow & Strickland (1998) . Here we apply it to reduce the error on the evaluation of European call options values under HJM with Monte Carlo simulation by using the closed form solution of the Hull and White call option. On each path the evolution of the forward rate curve according to both the volatility function
T t r f t T r t f t T e a a r t a f t T
and the Hull and White model volatility The option approximation adjusted by the control variate method is therefore:
The Hull and White Decomposition
The calculation in (19) will be even more effective if we can find a way to speed up the calculation of 
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The forward rate stochastic integral equation assumes the form:
HW HW t t rem rem f t T f T s T ds s T dW s s T ds s T dW s
This decomposition represents a possible improvement to the numerical implementation since two of the integrals on the right hand side of (22) can be evaluated exactly.
The first integral can be analytically evaluated, since it only involves time deterministic functions.
represents a Gaussian random variable with zero expected value, and whose variance can be calculated analytically.
The Recursive Formula
To obtain the recursive relation for the forward rate within the framework of this section, we discretize as in section 2.1. The process (22) at time is
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By subtracting (22) from (23) we obtain the relation between the forward curve at time t and the forward curve at time . Thus
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Consider the first integral on the right hand side of (24) (25) ( 
and, substituting (26) into (25) we obtain: , , . 
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We are calculating the values from the perspective of the information set at time zero, so conditioning to time zero we readily calculate that 
where ξ is the standard Normal random variable.
Equation (24) becomes 
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( 28) where we approximate according to 
rem n t m t n t m t i t t n t m t h n t m t
Using the recursive formula (28) 
Conclusions
In this paper we have considered the Heath-Jarrow-Morton model in the case when the forward rate volatility function depends not only on time to maturity and the instantaneous spot rate of interest (the most common situations discussed in the literature), but also on the entire forward rate curve. In this case it seems that we are forced to deal with a stochastic integral equation for the forward rate which is non- Second, develop the algorithm further to evaluate American bond options and make comparison with results of Carr & Yang (1998) . Monte Carlo simulation has been developed as a flexible method to calculate American options written on common stock (see e.g. Barraquand & Martineu (1995) ), and so should be feasible in the context of the HJM model as studied in this paper.
Finally, perform calibration type empirical studies to "back-out"' forms of the forward rate volatility function from option prices calculated using the algorithms developed
here. This would complement and extend the study of Amin & Morton (1994) .
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